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Fig. 4 Maximum deflection vs loading magnitude.
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Fig. 5 Maximum stress vs loading magnitude.
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By means of Eqs. (9a) and (10a), the. nondimensional
stresses s and ¢ are then determined for radial locations be-
tween p =1 and p=p,, and at the latter location, the boundary
condition is checked. A corrected value of ¢, is then chosen
and the computation repeated until the correct boundary con-
dition is obtained. This calculation has been carried out for a
range of values of the parameters fand p;, employing a Kut-
ta-Merson procedure coded in APL, with a Burroughs com-
puter (Table 1).

The necessary condition of small slope does not occur at
small values of p,. This is equivalent to approaching a point
load which, as previously mentioned, cannot be carried by a
membrane. Thus no calculations have been carried out for p,
values below 0.1.

When s is determined, the slope ¢ is known from Eq. (5).
The wvertical displacement under the load can then be
calculated by integrating the slope from the rim until the load
radius (Table 2).

Maximum stress and deformation of the range 10—6<5.
10— as thus calculated are shown in Figs. 2 and 3 by the
points. The curves show the equations

-;3 =f".0.158 (cot -111— p+0.94 sin p+3.926)

s=f%-0.862 (1+0.8 cot )

TP
1.41
These equations, which were evaluated as approximations for

the result, thus appear to. give quite a close coincidence. It
should be noted that the proportionality to-the powers 15 and
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% of fis in agreement with results for a distributed load.! As
shown in Figs. 4 and 5, which give the same data as Figs. 2
and 3, the equations can, of course, be displayed as straight
lines in a log-log diagram. The trigonometric functions, on
the other hand, are just a trial-and-error fit, but apparently a
successful one.
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Analytical Formulas for Conditions on
Blunt Wedges in Hypersonic Flow

W. L. Bade*
Avco Systems Division, Wilmington, Mass.

Introduction

HENG et al.! formulated an analytical theory of

he combined effects of bluntness and boundary-layer
displacement on the hypersonic flow over a wedge. Kemp?
modified this analysis to include the effects of nonzero (A\—)
to first order. Boger and Aiello® generalized the theory to
the case of nonzero yaw angle. The fundamental relation in
the theory is the equation

d dz dz v
(z-T'9) T: (zdg' ) (Zd§ )2=1 1)
in which z is a nondimensional variable proportional to the
shock ordinate, {a nondimensional distance from the leading
edge of the wedge, and T" a constant parameter proportional
to the angle of attack.

The boundary condition on Eq. (1) is z=0 at {=0. The
equation is singular at the origin. Sufficiently near the origin,
the square root term and the term containing I' can be neglect-
ed, and the equation admits a power-law solution z=A4 "
with n=2/3, A=(9/2)!/3. The solution for larger J can be
generalized by numerical integration starting from a point on
this singular solution.

For zero angle of attack, Eq. (1) has the analytical solution
z2=24(N), £=¢(N), where

Zo(N) =2[BN2~ BN N2 —In(I+N2)]  (2a)

N =W +N2)4— 2 (I+N\72)3 ¢

1
9(I+N12)2— il (I+NV2) + —gln(1+>\“2)

76 :

—AN2In (I + N2y 2[In(I+N2) 12+ - (2b)
in terms of a parameter A defined by

A=z dz/d¢ 3)
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For I'# 0, the solution of Eq. (1) cannot be obtained in closed
analytical form. The object of this Note is to present an
analytical approximation to the solution for I'>0, and to
show that the approximation has good physical accuracy over
the entire range of conditions to which the theory is applicable
for positive angle of attack. ’

Analytical Approximation to the Solution of
the Wedge Equation forI' >0

The point symbols in Fig. 1 trace out solutionst of Eq. (1)
for various values of . For each T', the ordinate (zz’) '=d (2
dz/d¢)/dt approaches the asymptotic value I'? for {— oo. For
¢—0, each solution approaches the solution Eq. (2) for I'=0.
These circumstances suggest that the solution for arbitrary I’
might be approximated by

(z2') " =((22') " 1r=p+T? O]

where [(zz’)’] is calculated from the solution (2) for zero
angle of attack. From Egs. (3) and (1) withI'=0

R R
[(z2") 1r=0= —_Zo(%) 3

The curves in Fig. | represents Eq. (4). These curves were
generated by choosing values of the parameter A, calculating
zpand ¢ from Eq. (2) and [ (227) '] r—( from Eq. (5), and then
calculating (zz’) ' for each T from Eq. (4).

The approximation Eq. (4) is most accurate from small T'.
For example, with I'=0.1, the maximum error is about 6%.
Even for large T, the error in Eq. (4) is less than about 10%
except in the region where (zz’) ' is leveling of f and beginning
to approach its asymptotic value. In this region, for large T',
the exact solution undershoots the asymptotic value and ap-
proaches it in an oscillatory manner. For I'=100, the dif-
ference between Eq. (4) and the exact solution becomes as
large as a factor of 1.45 in this region.

However, Cheng et al.! suggest that the oscillations in the
exact solution, which are responsible for these large dif-
ferences, are unphysical artifacts of the system of ap-
proximations upon which the theory is based. If so, the ap-
proximate formula Eq. (4) might have higher physical ac-
curacy than the exact solution. Comparisons with ex-
perimental data, presented following support this conjecture.

Comparisons with Experimental Data

The quantity (zz’) * in Eq. (4) is proportional to the surface
pressure on the wedge. According to the theory,? the heat
transfer coefficient is proportional to the quantity (zz")"/
(zz’) ". From Eqgs. (3) and (4),

22’ =N+T2E(N) ©)

The variable z itself, which is proportional to the shock or-
dinate, is given by a further integration

z={[2g(M) 17+ T2 [¢ (M) 12} 77 Q)

Figure 2 and 3 compare the approximate solution based on
Eq. (4) with experimental data on the pressure and heat trans-
fer distributions over the surface of a very blunt wedge in a
hypersonic air stream. The experimental points are from Fig.
10 of Kemp’s paper,? and are based on previously published
data cited here. For a flow dominated by the effects of
leading-edge bluntness, the nondimensional coordinate ¢{ is
small, and the left-hand side of Eq. (1) is dominated by its
first term, so that the solution for I' =0 is3

20:(9/2)1/3§-2/3 (8)
- i"f}—lgs-e‘_n_u_rherical solutions were computed by R.C. Boger, AVCO
Systems Division.

VOL. 13, NO. 9

108

I' = 1000
106M
=100
104% 00
T

102
(zz")'

|
| | S

1072 S TR -

1

10

-4
10710 108 106 1074 1072
§

Fig. 1 Solutions of the equation for flow over a wedge (points
—exact numerical solutions; curves—analytical approximation).
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Fig. 2 Pressure on a very blunt wedge (solid curve—analytical ap-

proximation; dashed curve—exact solution; points—experimental
data).
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Fig. 3 Heat transfer to a very blunt wedge (solid curve—analytical
approximation; dashed curves—exact solution; points—experimental
data).

Equation (4) then gives, forI'>0
(z27) " =(2/9) 3¢ =23+ T2 (9a)
zz =613¢15 402 (9b)
Substitution of these formulas into the expressions?® for the
pressure and heat transfer coefficient in terms of the non-

dimensional variables gives

2 1 Py _,, 0382
y+1 M2’ p, £

(10a)
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2 1 M7 ek
. . 2¢
v+l 12 x, e )
0.332(1+0.382/¢)
T (L45+E) 2 (106)
“where
+1 b'e
g=al( o ) (an

The notation is as defined by Kemp.? The unbroken curves in
Figs. 2 and 3 represent Eqs. (10a) and (10b), respectively. The
agreement with the experimental data is similar to that shown
in Kemp’s? original Fig. 10. In the region ¢£=1, where the
pressure curve in Fig. 2 is leveling out, the agreement in both
pressure and heat transfer is better than is obtained with the
exact solution of the Cheng equation (shown by the dashed
curves in Figs. 2 and 3).
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Boundary-Layer Effect in Panel Flutter

Marvin E. Goldstein*
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Nomenclature

speed of sound nondimensionalized by a ,
speed of sound in mainstream
defined by Eq. (20)

K212k M LU’

defined by Eq. (21)

= arbitrary constants

plate semi-length

unit vector in x-direction

unit vector in z-direction

ik , + kk ; wave number vector

wave number in x-direction

wave number in z-direction

k)

defined by Eq. (23)

= freestream Mach number U /a , >1
M [ (w/k;y—Ul/a

pressure fluctuation

= Fourier transfer of p

= time, nondimensionalized by U ,/d
mean boundary layer velocity at y
U@,

= mean velocity in mainstrea

plate deflection :
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w

» Fourier transform of w,
X.V,2

spatial coordinates nondimensionalized by d/2
effective mean wall position )
[2iM ./ (U'k;)]1"

gradient operator

(M2, (0—k,;)2—k2] "

ratio of specific heats

= defined in Eq. (12)

A/ (d/2)

boundary-layer thickness

[2ik,/ (UM, ]

average density at plate

dimensionless frequency
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Introduction

S pointed out by Dowell,! it is now firmly estab-

ished that the adjacent boundary layer will have an im-
portant influence of the flutter behavior of plates. This effect
has been considered by a number of investigators. '* An im-
portant part of the problem (the aerodynamic part) is the
determination of the relation between the fluctuating force
exerted by the flow on the panel and the transverse
displacement of the panel. (This relation is frequently ex-
pressed as a ‘‘generalized aerodynamic force.””) It usually is
necessary to determine the resulting force numerically. '3 In
this Note we shall show that if the supersonic Mach number of
the stream is not too large, an analytical expression can be ob-
tained for this force. The low supersonic Mach numbers are
the ones of maximum interest in the present problem because
it is in this Mach number region where the boundary layer has
the most influence. For example, Dowell! shows that the
presence of the boundary layer causes about a 300% increase
in flutter dynamic pressure at a Mach number of about 1.2,
while it causes only about a 20% increase at a Mach number
of 2.

" Analysis

The configuration of interest is shown in Fig. 1. It can be
shown by rearranging Eq. (18) of Ref. 1 that the pressure fluc-
tuations in the boundary layer caused by the motion of the
panel is governed by the equation

4
d¢

2
o

] 2
[:—HTV'(QZVP)" a2 /ap

0xa3y

=0
1)

where all lengths are nondimensionalized by the panel half
length d, the time ¢ is nondimensionalized by U /d, the mean
velocity is nondimensionalized by U, the speed of sound is
nondimensionalized by a ., ’

(D/Dt) = (3/3t) + U(8/9x) 2)

dZ
aﬁp]-ﬂf

and the prime denotes differentiation with respect to y.
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Fig.1 Geometry of problem.



